Large N two-dimensional QCD on a cylinder and on a vertex manifold (a sphere with three holes) is investigated. The relation between the saddle-point description and the collective field theory of QCD 2 is established. Using this relation, it is shown that the Douglas-Kazakov phase transition on a cylinder is associated with the presence of a gap in the eigenvalue distributions for Wilson loops. An exact formula for the phase transition on disc with an arbitrary boundary holonomy is found. The role of instantons in inducing such transitions is discussed. The zero-area limit of the partition function on a vertex manifold is studied. It is found that this partition function vanishes unless the boundary conditions satisfy a certain selection rule which is an analogue of momentum conservation in field theory.
Introduction.
Recently there has been much interest in the study of QCD 2 in the large N limit, largely motivated by an attempt to find a string representation of QCD in four dimensions [1] . The study of large N QCD 2 is also useful in exploring more genral properties of large N QCD. As such, a detailed analysis of the properties of the theory on the sphere and on the cylinder are interesting. Perhaps the most important of these properties is the third order phase transition for large N QCD on a sphere, discovered recently by Douglas and Kazakov [2] . Physically, this transition is caused by condensation of instantons. One can demonstrate that the effect of instantons is negligible when the area of the sphere is small, and becomes significant as the area reaches the critical value, A cr = π 2 /λ, where λ = g 2 N is the large N coupling constant of QCD [3] . The existence of this phase tranition, which is similar to the phase transition that occurs in the one-plaquette model [4] , is of great interest. Such effects signal a sharp transition between weak and strong coupling, between non-confining physics and confinement, and between the a stringy regime and a non-string regime. If they were to occur in four dimensional QCD they might be an indication that the string picture is limited to infrared phenomena and cannot be analytically continued to the ultraviolet domain. One of our goals is to analyse the occurence of such phase transitions for other geometries. We will develop methods that allow us to explore this phase transition in detail.
A phase transition similar to the Douglas-Kazakov transition occurs in QCD 2 on a cylinder with fixed boundary conditions (that is, with fixed holonomy matrices U C 1 = Pexp C 1 A µ (x) dx µ and U C 2 = Pexp C 2 A µ (x) dx µ . Here C 1 and C 2 are the two circles forming the boundary of the cylinder). Obviously, such a phase transition should manifest itself in the master field of two-dimensional QCD [5] . A natural set of physical observables in gauge theory is formed by the Wilson loops W n (C) = 1 N Tr U n C with U C = Pexp C A µ (x) dx µ . Therefore, we could say that the master field is fully described by the set of quantities W n (C) for all possible contours C. Indeed, W n (C) satisfy a closed set of equations (the loop equations) with a well defined large N limit [6] [7] [8] . In addition, the expectation values of Wilson loops do factorize at large N . The loop equations, however, are higly nonlocal and the description of the theory they provide is very convoluted.
The loop variables are difficult to work with. For two-dimensional QCD a better set of variables is readily available. Indeed, it is known that the two-dimensional QCD is equivalent to a c = 1 matrix model with the spatial coordinate compactified on a circle [9] [10] [11] . Therefore, the eigenvalue density of the Wilson matrix U C will satisfy the appropriate collective field equation (the Hopf equation) as a function of the area bounded by the contour C. Using this fact we can obtain a formula for Wilson loops W n in the large N QCD on a cylinder with arbitrary boundary conditions.
As a result, the dynamics of Wilson loops on a cylinder can be desribed by a simple physical picture. Let σ 1 (θ) and σ 2 (θ), θ ∈ [0, 2π], be the eigenvalue densities of the boundary holonomy matrices U C 1 and U C 2 . Consider a one-dimensional compressible fluid living on a circle, with the equation of state P = − π 2 2 σ 2 , P being the pressure and σ the density. Imagine the process where the fluid moves from an initial configuration, where its density profile is σ(θ) = σ 1 (θ) to a final one, σ(θ) = σ 2 (θ), during the time interval equal to the total area of the cylinder, A. Then the eigenvalue density for the Wilson matrix U C , where the contour C cuts the cylinder of total area A into two cylinders of areas A 1 and A 2 , is just given by the density of our fluid at the time A 1 . Consequently,
(1.1)
On the other hand, the partition function of the two-dimensional QCD, at least in the most interesting case of symmetric boundary conditions
, is dominated by a single representation of the gauge group. This representation, associated with its Young tableau, can be characterized by a set of numbers h i = l i /N , i = 1, . . . , N . The density of this set, ρ Y (h), plays the crucial role in the analysis of the Douglas-Kazakov phase transition. However, there is no known equation for determining ρ Y (h), except for some special cases. This problem shall be solved below, in section 2. We find that, when
, the Young tableau density ρ Y (h) is determined by the surprisingly simple formula
where σ 0 (θ) is the density of eigenvalues for the Wilson matrix U C 0 . Here the contour C 0 cuts the cylinder into two equal parts, A 1 = A 2 = A/2 (see fig. 1 ). The density σ 0 (θ) can be found using the procedure outlined above 1 . This formula will also allow us to prove the criterion (formulated by Caselle, D'Adda, Magnea and Panzeri [11] ) determining for which boundary conditions the partition function of QCD 2 can exhibit a Douglas-Kazakov phase transition, and for which the transition is absent. This criterion applies even in those situations when no single representation is dominant and the original method of Douglas and Kazakov leads to a complex saddle point. Quite remarkably, we discover that for QCD on a disc (that is, when σ 2 (θ) = δ(θ)) the transition point can be determined exactly and explicitly to be
As a second application of formula (1.2) we will consider the well studied example of QCD on a plane. We find that the structure of Wilson loops W n (A) with large values of winding number n experiences qualitative changes as the area enclosed by the loop, A, passes through the critical value A pl = 4. This phenomenon, which also can be viewed as a phase transition, is in fact a remnant of the Douglas-Kazakov transition occuring on a sphere of finite area A = π 2 .
We will use this result in section 3 to make some general comments about the implications and meaning of the phase transition.
The collective field theory approach to QCD 2 is very powerful, at least on the cylinder. The Hopf action, as we shall discuss, propagates Wilson loops, or eigenvalue densities, along the cylinder.
To discuss other geometries, in particular surfaces with handles, we have to know how to split the loops at a vertex. To this end we need the partition function for QCD 2 on a "pair of trousers"-type manifold ( fig. 2 ) (that is, a sphere with three holes). Moreover, it suffices to consider the limiting case when the area of this manifold vanishes. Indeed, we can always create the "pair of trousers" with a finite area by attaching cylinders to the zero-area "vertex".
The properties of these string vertices shall be investigated in section 4. We find that, as N → ∞, the partition function of the QCD on a "vertex" vanishes in the zero-area limit, unless certain selection rule is satisfied. We find and prove this selection rule and discuss its implications for the string theory of two-dimensional QCD. 
where λ = g 2 N is the large N coupling constant and A the area of the cylinder. The summation is over all irreducible representations R of the gauge group, χ R (U ) is the character of the matrix U in the representation R, and C 2 (R) is the quadratic Casimir operator of this representation. Since the answer depends only on the product of λ and A,
we shall set λ = 1.
If the gauge group is U (N ), the representations R can be labelled by a set of integers
where e iθ k ; k = 1, . . . , N are the eigenvalues of the (unitary) matrix U , and
Also,
In this section we will study the partition function (2.1) in the large N limit. This can be done in two ways. One way is to show that for large N (2.1) is dominated by a particular representation R. If this representation is found, it is possible to express all physical observables in terms of the indices {l i } labelling R. The second approach is to construct an appropriate collective field theory describing QCD 2 . While the latter method is more physically transparent, practical calculations have so far been carried out using the first approach. For example, it is not at all obvious how to find the solution of the collective field theory which describes the strong coupling phase of QCD on a sphere.
These two approaches are complementary. Below we will derive the equation (1.2) relating the dominant representation to the solution of the collective theory. This will allow us to provide a simple physical interpretation of the formulas for Wilson loops on a sphere, found recently by Boulatov, Daul and Kazakov and extend them to the general case of a cylinder.
The dominant representation.
Generally, infinitely many representations contribute to the partition function (2.1).
However, as N → ∞ the sum is dominated by a single representation. Indeed, for large N the U (N ) characters (2.2) behave asymptotically as
with some finite functional Ξ[ρ Y , σ]. In this formula it is implicit that we take the limit N → ∞ assuming that the eigenvalue distribution of the unitary N ×N matrix U converges to a smooth function 2 σ(θ), θ ∈ [0, 2π]. In addition, it is assumed that the distribution of parametersỹ i = l i /N , which define the representation R, also converges to another smooth function ρ Y (ỹ), that we can call the Young tableau density. The functional Ξ is, in general, not easy to calculate. However, in some important cases it can be found explicitly.
As a result,
The eigenvalues of a unitary matrix lie on the unit circle in the complex plane and can be parametrized as λ j = e iθ j .
where the bar denotes complex conjugation. In this formula the summation over all representations R can be thought of as "functional integration" over all possible distributions of the Young tableaux, ρ Y (ỹ). For large N we expect that this "functional integral" is dominated by a saddle point, which can be determined from the equation
Then the free energy of the theory equals
where to simplify the notation we have used a shifted variable y =ỹ − 1/2. It is also useful to keep in mind that the derivative of F N with respect to the area A (the "specific heat capacity") is given by
Since the indices l i are discrete integers, the differences l i − l i+1 are always greater than one, and therefore the density ρ Y (y) must satisfy the constraint ρ Y (y) ≤ 1. The saturation of this bound causes a phase transition for large N QCD [2] .
To see how this phase transition occurs, let us consider the two-dimensional QCD on a sphere. We can regard the sphere as a particular case of a cylinder with boundary conditions U C 1 = U C 2 = I (that is, σ 1 (θ) = σ 2 (θ) = δ(θ)). In this situation the large N limit of characters is easy to calculate. Indeed, since
The solution of this equation is 
outside of this interval, for y ∈ [b, a]. In this formula
is the elliptic integral of the third kind and the constants b and a are fixed by
(2.9) Accordingly, the specific heat (2.5) is different for A < π 2 and A > π 2 . In fact, it is possible to show that at the critical point A = π 2 the third derivative of the free energy is discontinuous, indicating a phase transition. Obviously, a similar transition will occur on the cylinder. In this case the saddle point equation (2.4) becomes very involved. To find its solution we will have to use an entirely different treatment of QCD 2 , based on the ideas of the collective field theory.
The collective field theory.
The large N limit of two-dimensional QCD can also be studied with the aid of a collective field theory. The underlying idea of collective field methods is to make a change of variables describing the theory so that the new variables (the "collective variables") would have a well defined large N limit [14] .
In our case the partition function Z N depends on the two sets of eigenvalues {λ
a |a = 1, . . . , N } and {λ (2) b = e iθ (2) b |b = 1, . . . , N }. The specific eigenvalues do not tend to any limit as we take N to infinity. However, the corresponding eigenvalue distributions σ 1 (θ) and σ 2 (θ) do have a large N limit. In fact, σ 1 and σ 2 contain all the data one needs to evaluate the leading N → ∞ asymptotics of Z N . Therefore, it must be possible to obtain a differential equation on Z N as a functional of σ 1 and σ 2 . To achieve this goal we will write down a differential equation satisfied by Z N as a function of the 2N discrete variables {θ (1) a } and {θ (2) b }. Then we will change variables to σ 1 (θ) and σ 2 (θ).
As a first step, one represents (2.1) in the form
where a } to σ 1 (θ) in that equation. As a final result of these manipulations, it follows that
where the functional S is a solution of
It is helpful to interpret (2.13) as the Hamilton-Jacobi equation for the classical Hamilto-
with A playing the role of time, the function σ 1 (θ) being the canonical coordinate and Π(θ) ≡ δS/δσ 1 (θ) the conjugate momentum. The Hamiltonian (2.14) is called the DasJevicki Hamiltonian [14] .
In fact, the required solution is easy to construct. To do this, we solve the Hamilton equations of motion
and pick the particular solution which satisfies the boundary conditions
where, as before, σ 1 and σ 2 are the eigenvalue densities of matrices U C 1 and U C 2 . Then it is possible to prove that S[σ 1 , σ 2 |A] equals the classical action calculated for this particular
The equations of motion which follow from (2.15) are
These are the Euler equations for a fluid with negative pressure P = − π 2 2 σ 2 . The solution we are looking for corresponds to the process where the density profile σ 1 (θ) evolves into the profile σ 2 (θ) during a time equal to A. 5 If there are several such solutions, the one with the largest value of S must be chosen.
So far we have seen how this formalism gives us a way of calculating free energy. However, in addition, the collective theory provides a natural and concise description of Wilson loops in the large N QCD.
The application of the collective field theory to the study of Wilson loops is based on the following factorization property. Imagine we cut our cylinder along some contour C ( fig. 1 ) into two pieces of areas A 1 and A 2 . We may ask how the partition function of the whole cylinder is expressed in terms of the partition functions for these two pieces.
The answer to this question is obvious. Using (2.1) along with the orthogonality relation for characters
we easily see that
That is to say, to glue the two pieces into a single cylinder we have to set their boundary values, at the place we glue, equal to the same matrix U C and then integrate over all such matrices. If we treat Z N (U C 1 , U C 2 |A) as the probability amplitude for the process where U C 1 evolves into U C 2 during the time A, then (2.19) is just the convolution property satisfied by the Feynman path integrals. However, in the large N limit the integral in (2.19) is dominated by a single saddle point. Thus the partition function reduces to the product of the partition functions of its two pieces. To see this, recall that the characters χ R (U C ) depend only on the eigenvalues of U C , and so does Z N . Therefore, the integration in (2.19) reduces to
Substituting for Z N their expressions in terms of S using (2.12), we obtain 20) where σ C (θ) is the distribution of angles θ (C) j over which the integration is performed.
The integral in (2.20) is indeed dominated by a saddle point. We can even find this saddle 6 The factor D(θ (C) ) 2 is the jacobian which appears when we express the Haar measure dU C in terms of eigenvalues.
point exactly from the equation
is the action along the classical trajectory connecting σ 1 and σ 2 , the functional derivative of S equals the corresponding canonical momentum,
where v 1 (θ) is the velocity at the end of the trajectory, when σ(t, θ) = σ C (θ). Similarly,
with v 2 (θ) being the velocity at the beginning of the trajectory connecting σ C (θ) to σ 2 (θ). Hence, the saddle point condition (2.21) states that v 1 (θ) = v 2 (θ). That is to say, the two trajectories σ 1 → σ C and σ C → σ 2 can be joined so that the velocity is continuous. The resulting compound trajectory σ * (t, θ) is just the solution of the collective field equations (2.17) which describes the original cylinder of area A with the boundary conditions σ 1 and σ 2 . To find this trajectory, we must solve (2.17) together with the boundary conditions (2.16). Then the saddle point density σ C (θ) can be determined as σ * (t = A 1 , θ).
Using these arguments we can immediately evaluate any Wilson loop average on a cylinder. In general, a Wilson loop with the winding number n around the contour C equals 
We have thus proved that the solutions of the collective field equations have the physical meaning of yielding the dominant eigenvalue distributions which, upon Fourier transform, produce the Wilson loops 7 for large N QCD.
The duality relation for QCD on a cylinder.
Now we are in a position to find explicitly the representation which dominates the partition function. Let us first consider the symmetric case U C 1 = U C 2 . Later it will be obvious that our treatment easily gengeralizes to include all other boundary conditions. We will show that ρ Y (y) satisfies the equation
where σ 0 (θ) is the solution of collective equations (2.17) taken at the middle of the cylinder, for t = A/2.
To illustrate this relation let us reexamine the example of QCD on a sphere [11] . There σ 1 (θ) = σ 2 (θ) = δ(θ) and the solution of the collective field problem (2.16), (2.17) is given by the self-similar evolution of a semicircular eigenvalue distribution
where the scale µ(t) changes in time according to
Indeed, if we plug the ansatz (2.25) into (2.17) we find that
whose solution is given by (2.26). At t = A/2 we have µ(t) = µ 0 = 4/A and
Using (2.6) we can check that, indeed, πρ Y − πσ 0 (θ) = θ is satisfied. In general, the solution of collective field equations cannot be written down in an explicit form. However, these equations themselves can be integrated thus reducing the problem to a single implicit equation on σ * (t, θ). To see this, let us introduce a new unknown function
Then the collective field equations (2.17) can be reduced to a single equation
known as the Hopf (or Burgers) equation. Its solution can be found from the implicit formula
where the function f 0 (θ) represents the initial data,
We can use (2.30) to relate σ 0 (θ) to the density at the boundary, σ 1 (θ). Indeed, if the boundary densities are the same (σ 1 (θ) = σ 2 (θ)) then, by symmetry, the velocity at t = A/2 vanishes:
Thus we can use
as an initial condition in (2.30). After the time ∆t = A/2 this f 0 should evolve into
with σ(t = A, θ) = σ 1 (θ) and some v 1 (θ) = v(t = A, θ). Thus we obtain the equation
constraining σ 0 (θ) (and also v 1 (θ)) as soon as σ 1 (θ) is known. Although it would be very difficult to express σ 0 through σ 1 in an explicit form, (2.31) contains just what we need to solve for the dominant Young tableau densiity ρ Y (y) in (2.4). To do it we will have to evaluate the functional derivatives of Ξ[ρ Y , σ 1 ] in (2.4). This can be done if we observe that the U (N ) characters (2.2) can be represented as analytic continuations of the Itzykson-Zuber integral [16] 
In this formula A and B are arbitrary hermitian matrices, a k and b j are their eigenvalues and
Therefore, we can use the known expressions for the large N limit of the ItzyksonZuber integral [17] to find the functional Ξ in (2.3). In particular, if as N → ∞ the distributions of {a k } and {b j } converge to smooth functions α(a) and β(b), then asymptotically
with some functional S depending on the two distributions α and β.
Although there is an explicit expression for S[α, β], we need to know only its functional derivativeŨ
To determine it we construct a pair of functions
and, in addition,Ṽ
If we want to apply these formulas to the calculation of characters, we must be able to perform an analytic continuation l k → il k . This can be done by introducing an additional parameter t and rescaling l k → tl k . We will keep t in our formulas up to the very end of the calculations, where we will set t = i.
In this case the density of points y k (t) =
Therefore, we must distinguish between the derivatives with respect to ρ(y) and ρ t (y). The quantity which enters the master field equation (2.4) is the derivative with respect to ρ(y),
On the other hand, the constraints (2.36) will yield not U (y), but
However, these two derivatives are connected by a simple relation
Indeed, if
where we made the change of variables w = z/t and utilized (2.39). Now it is easy to see that U (y) = ∂ ∂y H t (ty) = t U t (ty).
Therefore, using (2.3), (2.32), (2.33), (2.34) and taking into account that ln J(e iθ s )
does not contribute to the derivative with respect to ρ(y), we obtain
(2.43)
Now we are able to produce the solution of (2.4). If σ 1 = σ 2 , this equation takes the form 10 
Re
∂ ∂y
We will prove that if πρ(y) is the inverse function of πσ 0 (θ) then (2.44) is indeed true. 10 We remember that y =ỹ − .
To this effect we exibit a pair of functions G + (z), G − (z) which satisfy the constraint (2.36) for α(a) = ρ t (a) and β(b) = σ 1 (b):
where v 1 is the velocity appearing in (2.31). This would imply that, according to (2.37),
and using (2.42) we immediately see that (2.44) is satisfied.
The conditions (2.36) are easy to check. While the second and the third condition in (2.36) are satisfied by construction, the first one follows from (2.31). Indeed, we can rewrite (2.31) as
Using πρ −πσ 0 (θ) = θ and ρ t (y)
which, together with (2.45a) proves G + G − (z) = z, completing our construction.
If the two boundary densities σ 1 and σ 2 are not identical then the partition function may or may not be dominated by a single representation. These two situations can be distinguished by looking at the collective field trajectory connecting σ 1 to σ 2 . If at some moment t 0 the velocity v(t 0 , θ) vanishes simultaneously for all θ ∈ [0, 2π], then the dominant representation exists and is determined by Let us now look at the whole collective field trajectory σ * (t, θ). As we have seen from Returning to the QCD on a sphere, we can now construct the collective field trajectory in the strong coupling phase 13 . We are looking for a solution of the Hopf equation (2.29) with the boundary conditions Im
. Surprisingly, the solution of this problem is quite complicated. Indeed, by the duality formula (2.24) the value of f (t = A/2, θ) = πσ 0 (θ) is the inverse function of πρ Y (y) which, in turn, is given by the elliptic integral (2.7). Since this solution describes the strong coupling phase the support of σ 0 has no gap ( fig. 4) . 12 The functional inversion in this context should be carefully understood since, strictly speaking, the inverse of πρ Y (y) has several branches which should be chosen in an appropriate way. As a consequence, the domain of πσ 0 is [−π, π] and not [0, π]. 13 The trajectory in the weak coupling phase is given by (2.25). However, the gap will inevitably appear as σ 0 (θ) evolves according to the Hopf equation. After all, the final result of this evolution is the density σ 1 (θ) = δ(θ) with support consisting of a single point.
Since our boundary conditions are even, so is σ * (t, θ) for any t. Therefore, the gap in the support of σ * will be centered around θ = π. In particular, we can find the moment of time when this gap just appears by looking at the solutions of σ * (t, θ = π) = 0. We will find that this equation has solutions only if t ∈ [0,
[ the gap is absent and σ * (t, θ) = 0. Since the Wilson loops are nothing but the Fourier coefficients of σ * (t, θ), we conclude that the structure of small loops (with area less than the "critical" value t cr = 1 2
resembles the structure of loops in the weak coupling phase, even though we are in the strong coupling phase. On the other hand the loops with larger area are truly characteristic of the strong coupling phase. Physically, we can distinguish between these two types of loops by considering their behavior as the winding number n goes to infinity. Then at fixed area of the contour the strong coupling type of a loop 14 decreases exponentially with
while the weak coupling type of a loop decreases at most algebraically, as O(n −p ). The same is true for the general case of a cylinder.
14 By definition, this is the loop for which the corresponding collective field density has no gap.
Alternatively, the weak coupling type means that the gap is present. This should not be confused with the strong and weak coupling phases of the Douglas-Kazakov transition.
Continuing our example, let us find how the critical Wilson loop area depends on A. Obviously, τ 0 (A) vanishes at the Douglas-Kazakov transition, when A = π 2 , and then grows as A increases. The evolution of σ * (t, θ = π) is easy to study. We can use (2.30) with the initial condition f 0 (θ) = iπσ 0 (θ) to obtain
However, due to the symmetry θ → −θ the velocity v(t, θ) vanishes at θ = 0 and θ = π. Thus f (t, π) = iπσ * (t, π) and
Finally, using the duality (2.24) we obtain an equation for z(t) = πσ * (t, π),
with ρ Y (y) given by (2.7). The solution z(t) we are looking for is a real function of t. Moreover, at all times 0 ≤ z(t) < b. Indeed, at t = t 0 = A/2 the expansion of our hypothethic fluid is maximal and so is its density at θ = π. When the fluid collapses towards θ = 0, σ(t, π) decreases to zero.
Mathematically
Since in this case x = − b 2 z 2 < −1, the elliptic integral Π 1 (x, k) develops an imaginary part. This happens because the poles of the integrand at t 2 = − 1 x are now located within the integration region. Using the rule
Substituting this into (2.48) and using k = b/a, we see that
15 Since we set the initial condition at t 0 = A/2, the time of evolution in this equation is t − Therefore (2.47) reduces to a single real equation
It is easy to see that z = 0 is always a solution of this equation. However, for certain t it has another solution which can be determined from
Such z(t) decreases as t − A 2 deviates from zero, so that when t goes outside of the interval ] 
.
Using the x → 0 asymptotics
we conclude that
and finally fig. 5 . Most remarkably, t cr tends to a finite limit equal to t cr = 4 as A goes to infinity. Thus even in the QCD on a plane the eigenvalue distributions for small contours have a gap which disappears as the area enclosed by the contour passes through 4 [18] . That is to say, the master field for QCD on a plane contains some trace of the Douglas-Kazakov phase transition and of the weak coupling phase.
Since the asymptotic property t cr → 4 will be important to us later on, let us prove it. Making the substitution λ = b cos ϕ in (2.52) we get
At A → ∞, as a consequence of (2.9), k ′ 2 ≃ 16e −A/4 → 0 and thus κ 2 = 16e −A/4 + . . .. In this limit we can break up our integral into two parts and construct the asymptotic expansions for both of them:
In these formulas we chose an auxiliary small quantity ǫ so that κ ≪ ǫ ≪ 1. Then at the end ǫ drops out of the final result, leaving us with the desired asymptotics. Now from (2.9) a = Let us now demonstrate that the asymptotic behaviour of Wilson loops for large winding numbers n is related to the Douglas-Kazakov transition. The most convenient way to do this is to continue considering the planar case. For one, as we saw, the QCD on a plane retains some trace of the weak coupling phase (the gap in the eigenvalue distribution for loops with area less than 4). On the other hand, all Wilson loops on a plane can be evaluated explicitly, making the analysis very simple.
Indeed, the Wilson loops on a plane equal [8] [19]
where L
n−1 (x) are the so-called associated Laguerre polynomials
Using this expression we can investigate the behaviour of W n (A) as n → ∞ at fixed A.
We will see that W n (A) decays exponentially in n if A > 4, but as a power of n if A < 4.
To prove this we need to know the asymptotic behaviour of the Laguerre poynomials as x = An → ∞. This can be found by treating the integral in (2.55) using the saddle point method 16 . The asymptotics of this integral is governed by the minimum of the functional
This minimum is reached at
16 This calculation is remarkably similar to the calculation of instanton contributions in the weak coupling phase which are expressed as Laguerre polynomials as well [3] . This is not suprising since these are different manifestations of the same phase transition.
If A > 4 then both of t + and t − are real. Inn this case it is possible to show that the dominant contribution comes from the region around t = t + and equals
where we have introduced a special function 
do not decay exponentially. Rather, they oscillate with n and the amplitude of oscillation decays as n −3/2 . Such behaviour is similar to what we encounter in the weak coupling phase on a sphere before the Douglas-Kazakov transition occurs 17 .
To summarize, the phase transition in continuum two-dimensional QCD exibits itself through physical observables in several ways. First, the density of eigenvalues for Wilson loop matrices develops a gap in the weak coupling phase. Second, the asymptotic behaviour of Wilson loops with large winding numbers is different in the two phases. Finally, the Young tableau of the dominant representation also can be expressed in terms of physical observables using the duality formula (2.24). 17 Let us emphasize that the absence of a gap and the exponential decay of Wilson loops are not automatic consequences of each other. In fact, the n → ∞ behaviour of W n (A) probes the degree of smoothness of the eigenvalue distribution. Since when there is no gap the distribution is infinitely smooth the Wilson loops decay faster than any power of n. On the other hand, if we do have a gap, then at the edge of the support of the eigenvalues higher derivatives become discontinuous, and the loops decay powerlike.
Instanton contributions to the Wilson loops.
As we saw in the previous section, the Douglas-Kazakov phase transition is associated with the development of a gap in the eigenvalue distributions for Wilson matrices. In this section we will argue that this phenomenon, very much like the original Douglas-Kazakov transition on a sphere at A cr = π 2 , is induced by instantons.
Indeed, it is known that the partition function of QCD 2 can be repesented exactly as a sum of contributions localized at the instantons, that is, the classical solutions of the theory [20] 18 . As it turns out, in the weak coupling phase, at A cr < π 2 , the dominant term comes from the expansion around the perturbative vacuum, A µ (x) = 0, while in the strong coupling phase, A cr > π 2 , a certain nontrivial instanton configuration will dominate.
A similar analysis can be carried out for Wilson loops. We can anticipate that the average of a Wilson loop will be given just by its classical value as determined by the dominant instanton configuration 19 modified by quantum corrections. The easiest way to determine these is to perform a Poisson resummation in the original formula for Wilson loops in terms of the representations of the gauge group. On the sphere, for a simple contour which divides it into two patches of areas A 1 and A 2 , the Wilson loop is given by 
> . . . > l (S)
N and transforming dU to an integral over the eigenvalues of U we get
2)
18 By instantons we mean all possible solutions of the classical Yang-Mills equations even if they are unstable. 19 This is the value we obtain if we substitute the classical A µ (x) for the dominant instanton
with ∆(x i ) ≡ i<j (x i − x j ). Now we can expand the determinants and use the antisymmetry of ∆(l) with respect to the permutation of l i 's to remove the ordering restriction on the l's. We obtain
where now the summation is only over l
To represent (3.3) as a sum of instanton contributions let us transform it using the Poisson resummation formula,
where
First we recall that, up to an irrelevant uniform shift of l k 's by (N − 1)/2,
and we can represent our Wilson loops in the form
where we have introduced a new function of N variables {l j }
5)
A = A 1 + A 2 being the total area of the sphere.
To apply the Poisson formula (3.4) we have to find the Fourier transform of the function under summation:
Recalling that the Fourier transform of a product is a convolution of the individual Fourier transforms we get
where ψ {p} is the Fourier transform of ϕ {x} ,
with some N -dependent constant which will cancel later on 20 . The phase factor in (3 .6) is due to the shift of
To derive this one represents ∆(l j ) in (3.5) as a Van der Monde determinant and performs the integrations explicitly. The answer can be simplified to give (3.7) if we remember that one can add rows of a determinant without changing it. See [5] for the details.
Combining the pieces we finally obtain the following representation for the Wilson loops:
This formula has an interpretation in terms of instantons. Indeed, the instantons of QCD 2 can be labelled by N integers m 1 , . . . , m N and have the action
The corresponding field configuration is just a collection of Dirac monopoles
Θ and φ being the polar (spherical) coordinates on S 2 . We can see that the terms represents quantum corrections due to the fluctuations around the instanton. Thus our final result can be represented in the form
In fact, if we consider (3.8) with n = 0, we will reproduce the instanton representation for Z(A) constructed by Minahan and Polychronakos [5] ,
is the statistical weight of the configuration (m 1 , . . . , m N ).
In the large N limit we expect that the sum in (3.13) is dominated by a certain configuration (m 
Note that, if A 1 = A 2 = A/2 (that is, if we are considering the Wilson loop around the equator) then m i =m i and ζ
Therefore in the leading large N order
Thus we see that the large N density r(η) describing the distribution of numbers η k = y (0) k /2 + πm k is nothing but the eigenvalue distribution for the equatorial Wilson loop, σ 0 (θ). In the weak coupling phase, where all m k = 0, this identity is easy to check directly.
Let us also mention that the distribution of (m
N ) for the dominant instanton configuration in the strong coupling phase can be determined from the formula
where q ∈ [−π, π], p m is the probability to find an integer m among the set {m
N } and ρ Y (y) is the Young tableau density given by (2.7). This can be derived using the Poisson resummation in a way similar to (3.8).
As we can see from (3.12), the quantum corrections make important quantitative contributions to Wilson loops. However, the physics of the phase transition can be understood even if we neglect them. Consider the classical contribution to the Wilson loop,
The effective eigenvalue distribution for such a loop will have a gap if the angles θ k = 2πm k A 2 /A are restricted to a certain domain inside of a circle, |θ k | ≤ θ max < π for all k.
Since θ max = 2πm max A 2 /A, we get the condition on the area of our loop
As A 2 increases this inequality may be violated and the eigenvalue gap will disappear 21 .
The exact value of A 2 when this will occur will be smaller than A/2m max since quantum fluctuations cause some additional widening of the eigenvalue distribution.
In general, for A 2 = 0 we always have θ k = 0, even in four-dimensional QCD, since the corresponding Wilson matrix is the identity. On the other hand, as the area of the loop becomes very large the gauge fields at the distant points of the contour are uncorrelated and the distribution of angles becomes uniform: σ(θ) = 1/2π. This is also true in the four-dimensional case. We can see that while zero-area loops have an eigenvalue gap, the infinitely large ones do not. This might be a piece of evidence for a large N phase transition in QCD in any dimension. However, we also saw that the quantum corrections tend to broaden the eigenvalue distribution. In fact, it might happen that for any small nonzero area the distributions develop infinitesimal tails and do not have a gap anymore. The 21 On the other hand, in the weak coupling phase all m k = 0 and the inequality A 2 m max < A/2 is always satisfied, consistent with the fact that there is always a gap. nontrivial fact about QCD 2 is that such a phenomenon does not occur there. The reason is that the Hopf equation, governing the evolution of the eigenvalue densities, essentially prohibits the development of such smooth tails. Rather, its generic solution has a (moving) edge and vanishes as σ(θ, t) ∼ θ − θ cr (t) near it. Whether or not the situation is similar in higher dimensions is unclear.
One could contemplate analysing the 4d Wilson loops for small area by perturbation theory, since in this case the asymptotic freedom applies. However, to obtain the eigenvalue distribution one would have to evaluate the Wilson loops with arbitrarily high winding numbers n. This corresponds to multiplying the charge flowing around the loop by n, and for high n this takes us out of the domain where we can rely on perturbation theory. On the other hand, it may offer an explanation how the short distance behavoiur of QCD which is described in terms of particles, agrees with the string description.
4. Exact critical area for the phase transition on a disc.
As another application of the duality formula (2.24) we will calculate the critical area for QCD on a disc. A disc can be regarded as a particular case of a cylinder with one of the boundary holonomy matrices set to identity, U C 2 = I, that is to say σ 2 (θ) = δ(θ).
Quite remarkably, in this case the boundary value problem for the Euler equations (2.16), (2.17) can be reduced to a Cauchy problem and then solved explicitly using (2.30).
To this end we need to know how to specify the velocity v(t = 0, θ) ≡ v 1 (θ) at the beginning of the trajectory so that at the end, when t = A, the second boundary condition
While such a problem cannot be solved explicitly for an arbitrary σ 2 (θ), in the particular case σ 2 (θ) = δ(θ) the necessary velocity is given by
To see why this is true let us recall that the boundary value problem identical to (2.16), (2.17) occurs in the calculation of the Itzykson-Zuber integral. The correspondence between these two problems is established by σ 1 (θ) ↔ α(θ), σ 2 (θ) ↔ β(θ) (see (2.36 ) and the analysis in the Appendix B). In the case σ 2 (θ) = δ(θ) we would have β(b) = δ(b) which means that the argument B of the Itzykson-Zuber integral is simply zero 23 . Then the integral itself is obviously equal to one, I N (A, B = 0) = 1. On the other hand, we can apply the asymptotic formula (2.34) to obtain
The functional S is the action along the classical trajectory connecting α(a) and β(b) during the unit time interval, t = 1. The velocity at the beginning of the trajectory can be found as
If the time interval is not equal to t = 1, this formula can be easily generalized
finally proving (4.1).
Since the Euler equations (2.17) are equivalent to the Hopf equation (2.29), we can now set up the Cauchy problem for (2.29) with the initial condition
Then the solution is determined by (2.30) which for this particular case translates into
This equation can be used to determine f (t, θ) and, consequently, σ(t, θ), for any specific σ 1 . However, the problem of the Douglas-Kazakov phase transition can be solved without doing so. Indeed, as we proved in the previous subsection, in order to test for the transition 23 Note the important distinction from the matrix U C 2 , which is the identity matrix for σ 2 (θ) = δ(θ). 24 To do this one considers the integral I N (A, B|t) = dU e N t
Tr(AUBU † ) . Its asymptotics is obtained by replacing
α(a) a 2 da and
it is sufficient to find out whether or not the support of σ(t, θ) develops a gap at any time t ∈ [0, A]. This allows one to obtain an explicit formula for the area of the disk when the transition takes place.
To simplify the analysis, let us consider the case of a symmetric σ 1 (θ), so that σ 1 (θ) = σ 1 (−θ). If the support of σ 1 is the whole circle S 1 = [−π, π] then in the process of evolution this support must always develop a gap. Indeed, the final result of such evolution is a delta function with support which covers only a single point θ = 0. Such picture is characteristic of the strong coupling phase. Therefore, in this situation we never have any weak coupling phase and the transition is impossible. A different picture arises if the support of σ 1 covers only a part of a circle [−b, b] with b < π. Then the Euler evolution can cause this support to expand with t before it starts contracting to θ = 0. If this expansion stops before the edge of the support, b(t), reaches π then the system stays in the weak coupling phase. Otherwise the transition to the strong coupling phase will occur.
At the moment t c when b(t) reaches its maximum f (t c , θ = b(t c )) = 0. Indeed, σ(t c , θ)| θ=b(t c ) = 0 because b(t c ) is the endpoint of the support of σ. Moreover, v(t c , b(t c )) = 0 because exactly at t = t c the support has just stopped expanding and the velocity at its edge is zero 25 . Thus we may determine θ c = b(t c ) using (4.4) with f = 0:
The critical area A = A cr corresponds to θ c = π giving
Note that the integral in (4.5) is not a principal value integral. Rather, it is an ordinary integral which has no singularities because θ = π lies outside of the support of σ 1 . Like the duality relation formula (4.5) can be checked in a number of exactly solvable cases.For example, QCD on a sphere corresponds to σ 1 (θ) = δ(θ) so that
. Thus (4.5) yields A cr = π 2 reproducing the original result of Douglas and Kazakov.
The same technique can be used to obtain the transition area for a cylinder whenever we can evaluate the large N limit of the corresponding Itzykson-Zuber integral (2.34) with the eigenvalue distributions α = σ 1 and β = σ 2 . This way we can generalize (4.5) to the case of a f lat σ 2 , that is,
otherwise
25 Still, at t = t c the velocities inside of the support do not have to vanish.
Then the c 2 → 0 limit would correspond to σ 2 (θ) → δ(θ).
For such σ 2 the eigenvalues θ 
ln e 2c 2 a j − e 2c 2 a k .
Thus the large N limit is easy to evaluate with the result that the action functional S
Therefore the initial Hopf velocity solving the boundary problem (2.16) can be written down as
so that the initial function f 0 in (2.30) is
As before, the critical area A cr can be found from
giving finally the formula
26 We keep in mind the correspondence θ
. 27 See footnote 24 for the explanation of t-dependence.
In the limit c → 0 this equation reproduces (4.5). On the other hand if σ 1 also is a flat distribution, σ 1 (θ) = 5. Two-dimensional QCD on a vertex manifold.
Another nontrivial problem is the large N QCD partition function on a vertex manifold ( fig. 2) , or pants diagram. In a sense, the cylinder and the "vertex" are the only nontrivial manifolds we have to consider. Any other two-dimensional surface can be constructed by gluing together an appropriate number of vertices and cylinders. Then, according to (2.19)-(2.22) the partition function on such composite manifold is just the product of partition functions for its constituents. Moreover, we can restrict ourselves to the limit when the area of the vertex manifold goes to zero. Indeed, we can create a vertex of any finite area just by attaching cylinders to a vertex of infinitely small area. In this case the partition function of QCD on a vertex becomes a certain functional of the three eigenvalue distributions for the boundary matrices 28 U C 1 , U C 2 and U C 3 .
This functional should be somewhat similar to a delta-function. For one, in the case of a cylinder if A → 0
where δ cl is the delta-function on the set of conjugacy classes of the gauge group. That is to say, δ cl equates the sets of eigenvalues of U 1 and U 2 . We can represent it in terms of the usual delta-function on a group manifold δ(U ):
with I the identity matrix. It is useful to think of this function as analogous to the vertices of conventional field theory. There, with every vertex there is associated a delta-function of the total incoming momentum. Obviously, something similar should appear in our case as well. We expect that the structure of the partition function of QCD on the vertex manifold will have two ingredients. One is a selection condition (similar to the condition that the sum of all incoming momenta is zero) and the other ingredient is the actual value of the partition 28 Throughout this chapter these matrices will be denoted simply as U 1 , U 2 and U 3 .
function when this condition is satisfied (the counterpart of the vertex coefficient in field theory).
To find the selection condition we start with the exact expression for the partition function of QCD 2 on the vertex manifold of a finite area A
As A → 0,
Using the formulas
we can rewrite this in the form analogous to (5.1):
Since the characters in (5.3) are class functions on the group we can assume that U 1 , U 2 and U 3 are diagonal matrices.
To evaluate the integral in (5.5) we need to find matrices V 1 and V 2 that satisfy the 
where Λ p and (U 3 ) p are the eigenvalues of the (diagonal) matrices Λ and U 3 , respectively. Thus, up to a Λ-dependent coefficient c(Λ),
where Λ p (M ) are the eigenvalues of
To estimate this integral we should find M = M 0 such that Q(M 0 ) has the same eigenvalues as U † 3 and compute the Jacobian J(M ) = det
. The partition function Z N will be inversely proportional to this Jacobian.
If this Jacobian vanishes the partition function blows up. Intuitively, in this case the volume of integration over dM which contributes to (5.7) is much larger than in the generic case. The most singular situation is when not only the Jacobian J(M ) bot the whole matrix
vanishes. Then any small shift away from M = M 0 does not violate the condition imposed by the delta-function in (5.7) and the integration volume will be the largest. The condition on U 1 , U 2 and U 3 under which this occurs will be an analogue of the condition n i=1 p i = 0 imposed by the vertices in field theory. To find this condition we must calculate the variation of eigenvalues δΛ p (M ) = Λ p (M + δM ) − Λ p (M ) to the first order in δM and require that such variation vanishes.
But Λ p (M ) are the eigenvalues of the matrix Q(M ) with the variation
is diagonal, then the variations of the diagonalizing matrices V (0) 1 do not contribute to the change in the eigenvalues and, according to first order perturbation theory
(5.9) = 1 is equivalent to
This is the selection condition imposed by the zero-area vertex for large N . This discussion shows that the functions V j (u) are somewhat analogous to momenta in a conventional field theory. Moreover, using the formalism of subsection 2.3 it is possible to show that the velocities v j (θ) in the collective field representation satisfy a similar constraint,
This constraint together with
has a suggestive form. Let us recall that the purpose of the zero-area vertices is to glue three cylinders together. The functions V j provide mappings between the boundaries of these cylinders which are similar to the mappings between different coordinate patches forming the atlas of a manifold. This may mean that the string theory of two-dimensional QCD is most naturally formulated in terms of functions, functionally inverse to the collective field variables v and Σ. Another application of (5.11) concerns the problem of the master field. The collective field theory gives us a way of evaluating the Wilson loops only without self-intersections. However, by joining a number of nonintersecting loops we can obtain an arbitrarily complex Wilson loop. Such joining is described by a vertex function we are discussing. However, to evaluate the composite Wilson loop one would need to know not merely the selection condition (5.11), but also the vertex function itself when this condition is satisfied 30 . This requires more subtle methods of calculation and is a separate subject that will be discussed elsewhere.
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Appendix A. The change of variables in the collective field description of QCD 2 .
Our goal is to find the large N limit of equation (2.11) . To this end we setZ N = exp N 2F N and transform (2.11) into an equation forF N with the result
30 This would be a counterpart of the vertex coefficient in field theory.
In the large N limit all partial derivatives can be replaced by the derivatives with respect to the eigenvalue densities, 
As to the term 1
it might appear that it is O(1/N ), since it contains only two summations (each of which naively contributes a factor of N ) divided by N 3 . However, due to the singularity at θ k = θ j this term is in fact not negligible. Its O(1) contribution comes from the regions where |k − j| ≪ N so that θ
where we used the identity
Combining the pieces we obtain
If we now introduce a new functional S σ 1 (θ), σ 2 (θ) A according to (2.12) then
so that (A.3) entails (2.13).
Let us emphasize an important aspect of this derivation. In making the transition from (A.1) to (A.3) we relied on the fact that the large N limitF = lim N→∞FN exists. The same would not be true if we had attempted a shortcut, trying to replace D(θ (1) )Z N by exp(N 2G N ) in (2.11). In fact, the functional D(θ (1) )Z N is not positive definite and thereforeG N does not have a well defined large N limit. The functional S introduced in (2.12) is related toZ N by exp(N 2 S) = |D(θ (1) )||D(θ (2) )|Z N , the absolute value signs being essential. In fact, it is the difference between D(θ (1) ) and |D(θ (1) )| that gives rise to the interaction term
Appendix B. The large N limit of the Itzykson-Zuber integral.
The large N limit of the Itzykson-Zuber integral (2.32) can be studied using esentially the same technique that we used in appendix A to obtain the collective field theory of QCD. First, one represents I N in the form . Equation (B.3) which is analogous to (2.11) can be treated by methods described in appendix A. The only difference is that the quantity U k is given not by (A.2) but by
with the large N limit However, as opposed to (2.13), in this dynamical system ρ(a) is the distribution on an infinite real line rather than on a circle. In fact, it is the noncompactness of support of eigenvalue densities that distinguishes the Itzykson-Zuber integral from the large N QCD.
Equation (B.6) is very hard, if not impossible, to solve in general. Fortunately, however, it is easy to find its particular solution which describes the large N limit of the Itzykson-Zuber integral [17] . This solution is given by the action of dynamical system (B.7) along its classical trajectory connecting the densities ρ(a) = α(a) and ρ(b) = β(b) within time t. It is not difficult to show that such quantity (which is known in classical mechanics as the principal Hamilton function) does indeed satisfy (B.6). Moreover, the variational derivatives at the end of the trajectory equal the corresponding canonical momenta: δS δα(a) = Π(a, t = 0), δS δβ(b) = −Π(b, t = 1).
To find the above mentioned trajectory we must solve the equations of motion which follow from the Hamiltonian (B.7). As in (2.17), (2.29) these can be conveniently transformed into a single equation for the quantity f (t, a) = Now we are able to derive the constraints (2.36). We notice that the general solution of (B.8) can be written down in the parametric form
where R(ξ) and F (ξ) are some functions of the formal parameter ξ. These functions should be determined from the initial conditions. The conditions to be imposed in our Below we will be interested in the loops which wind several times around the circle of area A. In fig. 7 this would correspond to a situation when S 0 , S 1 , . . . , S n−1 → 0, S n → A.
In this case the Wilson loop averages W n (A) depend only on one variable A and, due to (C.1), satisfy the equations
These equations can be simplified if we introduce a new set of variables A n = S n , A n−1 = A n +S n−1 , . . . , A k = A k+1 +s k , . . .. Then ∂/∂A 0 = ∂/∂S 0 and ∂/∂A k = ∂/∂S k −∂/∂S k+1 so that from (C.3) we obtain
and, consequently, Let us also recall that the dependence of W n on the external area A 0 (or, the same, S 0 ) is always exponential, W n ∼ e −A 0 /2 so that
This, together with (C.4) and (C.5) allows us to write down a recursion relation for W n : where P n (A) is a polynomial in A of degree n. It is easy to show by induction that these polynomials are given by (2.55) yielding the formula (2.54) [19] . Our goal here is different. We would like to see how this formalism corresponds with the collective field description of QCD and, particularly, with the Hopf equation (2.29).
In fact, the recursion relation (C.6) resembles the Fourier transform of the Hopf equation. Indeed, if we set ψ(A, t) ≡ However, ψ is not the same as the collective field function f because by construction ψ is real while f has an imaginary part, Im f (t, θ) = πσ * (t, θ). But if we put ζ = −iθ − Unlike ψ the function f , which has both real and imagnary parts, is precisely the function used in the collective field theory. Thus, the formula (C.7) establishes the agreement between the Hopf equation and the loop equations of two-dimensional QCD.
